The goal of this paper is to investigate a class of algebras called sandwich algebras, which are certain complex Lie algebras with a nilpotent radical whose elements are sandwiches. 2 We present a classification of all very special sandwich algebras.
Definition of a sandwich algebra
We say that a complex Lie algebra g is a sandwich algebra if it has the following three properties.
1. g has a nilpotent radical n, which is a sandwich, that is, [ n, [ n, n]] = 0.
2. The complex Lie algebra g/ n is isomorphic to a semisimple complex Lie algebra g. 3. Let h be a Cartan subalgebra of g. Then ad h = {ad H } H∈h is a maximal family of commuting semisimple linear maps of n into itself.
If g is a semisimple Lie algebra, then g is a sandwich algebra with nilpotent radical {0}. From now on we assume that n = {0}.
A sandwich algebra g = g ⊕ n is simple if g is a simple Lie algebra.
Let R ⊆ h * be a finite set of roots corresponding to the maximal toral subalgebra ad h of gl ( n, C). The root space g α corresponding to the root α ∈ R is spanned by a nonzero root vector X α ∈ n. Then n = α∈ R ⊕ g α and g = g ⊕ n.
Claim 1.1 Every sandwich algebra is a direct sum of simple sandwich algebras.
Proof. Suppose that g = g ⊕ n is a sandwich algebra. Since the Lie algebra g is semisimple with Cartan subalgebra h and associated root system Φ, we may write g = n i=1 ⊕g i , where g i is a simple Lie algebra with Cartan subalgebra h i and associated root system Φ i . Then h = n i=1 ⊕h i , where h i are nondegenerate orthogonal subspaces of h under the Killing form on g. Thus the we may write the collection R of roots associated to the nilpotent 1 radical n of the sandwich algebra g as 1≤i≤n R i , where R i = R ∩ h * i = { α|h i ∈ h * i α ∈ R}. Let n i = α i ∈ R i ⊕ g α i and let g i = g i ⊕ n i . We get
We now verify that g i is a sandwich algebra by showing that properties 1-3 hold.
1. The following argument shows that n i is the nilpotent radical of g i . First we show that n i is an ideal of g i . Clearly n i is a vector space. We have 
So the second term in (2) lies in g i , whereas the first term in (2) lies in n i . Hence [g i , n i ] ⊆ g i . Also
, where the bracket is that of g which lies in n i . So [ n i , n i ] ⊆ n i . Thus n i is an ideal of g i . Next we show that the ideal n i is nilpotent. Let n i ∈ n i ⊆ n. Then ad n i is a nilpotent linear map of n into itself because n is a nilpotent ideal in g. Hence ad n i is a nilpotent linear map of n i into itself. So n i is a nilpotent ideal. It is a sandwich because n is a sandwich. Finally, we show that the nilpotent ideal n i is the maximal nilpotent ideal of g i . Suppose that there is a nilpotent ideal m i of g i , which strictly contains n i . Then m i ∩ g i is a nonzero nilpotent ideal of g i . But g i is a simple Lie algebra. So either m i ∩ g i = {0} or m i ∩ g i = g i . Suppose that the second alternative holds. Then g i ⊆ m i . But g i contains a Cartan subalgebra h i , which consists of nonzero semisimple elements. This contradicts the fact that m i is consists of nilpotent elements. Thus m i ∩ g i = {0}, which contradicts the hypothesis that m i n i . Hence the ideal m i does not exist. So n i is the maximal nilpotent ideal of g i .
2
. Since g i = g i ⊕ n i , we get g i / n i is isomorphic to g i , which is a simple Lie algebra.
3. Since h i ⊆ h for every α i ∈ R i there is an α ∈ R such that α i = α|h i .
Hence
Thus g i is a sandwich algebra, which is simple because g i is simple. From (1) we see that we have proved the claim.
Basic properties
In this section we construct Heisenberg subalgbras of a given sandwich algebra g = g ⊕ n.
Assume that n is nonabelian. Let Z = [ n, n]. Since n is not abelian, Z = {0}. Because n is a sandwich, Z is the center of n.
Proof. By definition, for each ζ ∈ Z the nonzero root vector X ζ lies in Z.
for some c α, β ∈ C, since g α , g β = g α+ β , if α + β ∈ R 0, otherwise . If c α, β = 0 for all α, β ∈ R, then X ζ = 0, which is a contradiction. Hence
If { α + β = ζ} = ∅, then the second term in the preceding equality is vacuous. Thus X ζ is a nonzero vector in span{X α+ β α + β = ζ}, which contradicts the fact that the sum α∈ R ⊕ g α is direct. Hence R ζ = ∅.
From the definition of the root space g α and the fact that n = α∈ R ⊕ g α , it follows that Y = α∈ R\Z ⊕ g α is an ad h -invariant complementary subspace to Z in n.
Lemma 2.2 We have
Proof. Because Y ⊆ n and
Hence there are z ′ , z ′′ ∈ Z, at least one of which is nonzero, and y ′ ,
since Z is the center of n. In other words, z ∈ [Y, Y ], which contradicts the definition of z.
For each ζ ∈ Z we construct the set R ∨ ζ as follows. We have shown that the set
The recursion stops after a finite number of repetitions because R ζ ⊆ R × R, which is finite. Given α ∈ R ∨ ζ , there is a β ∈ R such that α + β = ζ. This β is uniquely determined and lies in R ∨ ζ because the operation + is commutative. Denote β by − ζ α. For each ζ ∈ Z let
Proof. Suppose that α ∈ R \ Z. Then X α ∈ Y . Since Z = [ n, n], for every nonzero n ∈ n there is a ζ n ∈ Z such that X ζn = [X α , n]. Suppose that X ζn = 0 for every n ∈ n. Then X α ∈ Z. Consequently, α ∈ Z, which contradicts the definition of α. So for some nonzero n ∈ n, we have
other words, ζ = α + β. To see this we argue as follows. For every H ∈ h we have
The assertion follows because X ζ is nonzero. Therefore α ∈ R ζ , because 1)
Proof. Equation (5) follows immediately from (4) and the fact that Y = span C {X α ∈ g α α ∈ R \ Z}.
On Y ζ define the skew symmetric bilinear form Ω ζ by Ω ζ (y,
Here ν ζ is a complex linear function on Z, which is 1 on X ζ and 0 on a complement to span C {X ζ } in Z.
Proof. From the definition of R ζ and Y ζ we have
For α, β ∈ R ζ with β = − ζ α we get
In addition,
whereas
Thus for every α ∈ R ζ the space π α = span C {X α , X − ζ α } is a symplectic subspace of (Y ζ , Ω ζ ). From (6) it follows that Y ζ is a direct sum of Ω ζ -symplectic subspaces π α , α ∈ R ζ . Indeed, these subspaces are Ω ζ -perpendicular. Hence (Y ζ , Ω ζ ) is a symplectic vector space.
By construction for every ζ ∈ Z and every α ∈ R ζ the vectors
and Y ζ is the symplectically perpendicular direct sum of the subspaces π α for each ζ ∈ Z, the root vectors {X α , X − ζ α , α ∈ R ζ ; X ζ } are a basis for a Heisenberg subalgebra h 2m+1 of the nilradical n of dimension 2m = dim Y ζ . Thus we have proved Claim 2.6 Suppose that g = g ⊕ n is a sandwich algebra with a nonabelian nilpotent radical n.
. Then there is a 2m i + 1-dimensional Heisenberg subalgebra h ζ i 2m i +1 of the sandwich algebra g, where
Special sandwich algebras
In this section we look at a sandwich algebra which is a subalgebra of a semisimple Lie algebra. We call such a sandwich algebra special.
We now prove Claim 3.1 Every special sandwich algebra g = g ⊕ n is a subalgebra of a semisimple algebra g whose rank is 1 greater than the rank of g.
Proof. First we construct the algebra g. Let g = g⊕ n be a special sandwich algebra, which is a subalgebra of a semisimple algebra g. Let h be a Cartan subalgebra of g with associated root system Φ. Then h = h ∩ g h is a Cartan subalgebra of g. Let Φ be the set of roots of g associated to h. Because g is a sandwich algebra, ad h is a maximal toral subalgebra of gl( n, C). Thus we can write n = α∈ Φ ⊕ g α , where Φ is the set of roots for n associated to h and
is the root space associated to the root α ∈ Φ. Since ad h is a maximal torus in gl( n, C), we have dim g α = 1 for every α ∈ Φ. Let X α be a basis of g α .
Because h h, we can write h = h ⊕ c. Let α ∨ be the linear function on h, which is equal to α on h and 0 on the complement c to h in h. Then α ∨ ∈ h * = span α∈Φ {α}. The root space g α ∨ in g with respect to the Cartan subalgebra h is equal to the root space
Choose ζ ∈ Φ. Then ζ ∨ ∈ Φ and g ζ ∨ = g ζ , which is spanned by X ζ ∨ = X ζ . Because Φ is a root system for the semisimple algebra g and ζ ∨ is a root, which is nonzero, we see that −ζ ∨ is a root in Φ, whose rootspace g −ζ ∨ is spanned by the root vector X −ζ ∨ . Since g is semisimple, the vector
is an toral subalgebra of g. Since Φ ∨ = Φ ∐ {±ζ ∨ } is a root subsystem of the root system Φ of g, it follows that (h ∨ ) * = span C {α ∨ ∈ Φ ∨ } and the Killing form on g restricted to h ∨ is nondegenerate. Because h ∨ is a toral subalgebra of g, we have
where
Since h ∨ is not necessarily a maximal toral subalgebra of g, the subspaces g ∨ α ∨ may have dimension strictly greater than 1. For each α ∨ ∈ Φ ∨ choose a nonzero vector X α ∨ ∈ g α ∨ , the root space of g corresponding to the root α
Observe that g ∨ is a subalgebra of g, because it inherits the bracket relations of g from the decompositon g = h ⊕ α∈Φ ⊕g α . The algebra g ∨ clearly contains the special sandwich algebra g and hence is a candidate to be the desired algebra g. To finish the proof of the claim we need to establish Lemma 3.2 The Lie algebra g ∨ is semisimple with root system Φ ∨ associated to the Cartan subalgebra h ∨ .
Proof. First we verify that the algebra g ∨ is semisimple. Our argument follows that of Humphreys [3, p.100] . This amounts to showing that if A is an abelian ideal A of g ∨ , then A = {0}. Since ad h ∨ A ⊆ A using (8) we get
Suppose that for some
it follows that h ∨ is a maximal toral subalgebra of g ∨ and hence is a Cartan subalgebra.
Construction of very special sandwich algebras
We say that a special sandwich Lie algebra g = g ⊕ n, which is a subalgebra of the semisimple algebra g of rank 1 more than the rank of g, is very special 8 if g and g are simple Lie algebras. We now construct every very special sandwich algebra, which we list starting on page 13.
Because the rank of the simple Lie algebra g constructed in claim 3.1 is 1 more than the rank of the simple Lie algebra g, the Dynkin diagram of a very special sandwich algebra g of rank ℓ is obtained from the Dynkin diagram of the simple Lie algebra g of rank ℓ + 1 by removing a node, numbered L. Because g is a simple Lie algebra its Dynkin diagram is connected. Thus the node L must be an extremity of the Dynkin diagram of g. Let h be a Cartan subalgebra of g. Then h = h ∩ g is a Cartan subalgebra of g. We now align the root system R associated to Cartan subalgebra h with the root system R associated to the Cartan subalgebra h. In other words, we find a vector h * ∈ h, which does not lie in h, such that the root system R is equal to R 0 = {α ∈ R α(h * ) = 0}.
be an ordered basis of the Cartan subalgebra h of g. The vector h * is the generator of the 1-dimensional Z-submodule
is the ℓ × (ℓ + 1) matrix formed by removing the L th row of the (ℓ + 1)
of the Lie algebra g associated to the root system R, where
is an ordered basis of h consisting of simple positive roots.
Recall that R 0 = {α ∈ R α(h * ) = 0}. Let Π = {α i ∈ Π, i = L} and let {h i , i = L} be the corresponding basis of the Cartan subalgebra h of g.
, by construction we have α i (h * ) = 0 for every
In other words, Π ⊆ R 0 . Since R 0 is closed under addition and Π generates the root system R for g corresponding to the Cartan subalgebra h = {h i , i = L}, it follows that
Fact 4.2 Let R − = {α ∈ R α(h * ) < 0}. Then R − is the set of all roots in R whose L th component with respect to the ordered basis Π of R is negative.
But this contradicts the normalization of the vector h * . Consequently, a L < 0.
Let g = h ⊕ α∈R 0 ∐ R − g α and n = α∈R − ⊕g α . Then g is a subalgebra of g and g = g ⊕ n. Using the next few lemmas we will show that g is a very special sandwich algebra.
Lemma 4.3. n is a subalgebra of g.
Proof. This amounts to showing that if α 1 , α 2 ∈ R − and α 1 + α 2 ∈ R,
To see this for every H ∈ h we compute
since α 1 (H) < 0 and α 2 (H) < 0 because α 1 and α 2 lie in R − .
Lemma 4.4 n is an ideal of the Lie algebra g.
Proof.
We need to show that
Because n is a subalgebra, we have [ n, n] ⊆ n. Thus to prove (10) we need only show that [g, n] ⊆ n, because g = g ⊕ n. From the definition of n we see that [h, n] ⊆ n. Now let α ∈ h * = R • and β ∈ R − . Then
Lemma 4.5. n is the nilpotent radical of g.
Suppose that l is a nilpotent ideal of g which properly contains n. Then l ∩ g is an ideal of g. Because g is a simple Lie algebra, either
But h ⊆ g and h has only semisimple elements. This contradicts the fact that l is a nilpotent ideal. Therefore l ∩ g = {0}, which contradicts the fact that l properly contains n and g = g ⊕ n. Therefore the ideal l does not exist. Hence n is a maximal nilpotent ideal in g.
Let R = {α|h α ∈ R − }. If α and β ∈ R, the sum α + β is an element of R if there exists an α and β in R with α = α|h and β = β|h such that α + β = (α + β)|h. If no such α and β in R exist, then the sum α + β is not defined. In other words, α + β / ∈ R.
Lemma 4.6 n is a sandwich, if all additive relations in R are given by addition of pairs of roots in R.
. case 1. R has no additive relations. In other words, for every i, j ∈ {1, . . . , N } we have α i + α j / ∈ R. Thus the bracket of the root vectors X α i and X α j vanishes. Consequently the nilradical n = span C {X α i , 1 ≤ i ≤ N } is abelian and hence is a sandwich. case 2. R has additive relations. Find all pairs of roots in R whose sum is a root in R. Sort these pairs into a finite number of classes R ζ i , i ∈ F whose elements sum to ζ i . By hypothesis this gives a complete list of the additive relations among the roots in R. Thus the sum of ζ i and any root α j in R is not a root in R. Let Z = { ζ i , i ∈ F }. Then Z = span C {X ζ , ζ ∈ Z} is the center of the nilpotent radical n = span
that is, n is a sandwich.
We now prove Claim 4.7 g = g ⊕ n is a very special sandwich algebra.
Proof. Since h is a Cartan subalgebra of g and n is an ideal of g, {ad H } H∈h is a family of commuting linear mappings of n into itself. For every H ∈ h, the linear map ad H preserves g α for every α ∈ R − . From the fact that dim C g α = 1, it follows that ad H is semisimple and the family {ad H } H∈h is maximal. This together with the facts g = g ⊕ n ⊆ g, where n is its nilpotent radical, g is a simple Lie algebra, n is a sandwich, and g is a simple Lie algebra shows that g is a very special sandwich algebra.
The following example shows omitting the root number 2 in the Dynkin diagram of E 8 and following the above construction does not give a very special sandwich algebra.
Example. Let g = E 8 with root system
where k(i) = 0 or 1 and
R has a subset positive simple roots
The Cartan subalgebra corresponding to the root system R is
where ε i (H j ) = δ ij . Removing the root ε 1 + ε 2 from Π corresponds to removing the node 2 from the Dynkin diagram of E 8 . This gives the set of positive simple roots
whose Dynkin diagram is that of the simple Lie algebra g = A 7 . Π generates the closed subsystem of the set of positive roots of R given by
which is the set of positive roots R + for g. A computation following the proof of claim 4.1 gives
where a ℓ = −1 if ℓ = i and = 1 otherwise
Then R = { α = α|h α ∈ R − }. Since δ 2345 + δ 67 = z 1 and δ 2367 + ζ 23 = δ 67 , we get δ 2345 + (
Thus n = α∈ R ⊕ g α is not a sandwich. Hence g = g ⊕ n is not a sandwich algebra.
List of very special sandwich algebras
The above example shows that we must verify that the nilradical is a sandwich. A case by case check shows that the roots ζ with various indices in R, whic appear in the entries of the list, comprise Z, whose corresponding root vectors span Z, the center of the nilpotent radical. Hence the additive relations given in the entries of the following list is complete. From lemma 4.6 it follows that the nilradical is a sandwich. Hence we have listed all very special sandwich algebras.
In the list of very special sandwich algebras we use the notation
for the standard basis of (R n ) * dual to the standard basis {e i } n i=1 of R n ; h 2ℓ+1 for the Lie algebra of the 2p + 1 dimensional Heisenberg group; Z m is the m dimensional center of the nilradical, which is spanned by the root vectors corresponding to the roots in R.
We note that because of Dynkin diagram automorphisms of g the following sandwich algebras are isomorphic: A 
is the Cartan matrix for the root system R = A ℓ+1 generated by Π. positive roots:
for the root system R = A ℓ generated by Π.
for the root system R = A ℓ generated by Π. B ℓ+1 (ℓ ≥ 1):
simple positive roots:
Cartan matrix for the root system R = B ℓ+1 generated by Π. positive roots:
for the root system R = B ℓ generated by Π.
positive simple roots:
Cartan matrix for the root system R = C ℓ+1 generated by Π. positive roots:
for the root system R = C ℓ generated by Π.
Cartan matrix for the root system R = D ℓ+1 generated by Π positive roots:
Cartan subalgebra:
Cartan matrix C
for the root system
Cartan matrix for root system R = G 2 generated by Π. positive roots:
positive simple roots: Π = {α 2 } Cartan subalgebra:
for root system R = A 1 generated by Π.
positive simple roots: Π = {α 1 } Cartan subalgebra:
nilradical structure: h positive simple roots:
Cartan matrix for root system R = F 4 generated by Π. positive roots:
4 :
for root system R = B 3 generated by Π.
nilradical structure: h Cartan subalgebra:
for root system R = C 3 generated by Π. Set h * = 2h 1 + 3h 2 + 2h 3 + h 4 = e 1 + e 2 . Then R = R 0 . R − = {−ε 1 ; −ε 2 ; −(ε 1 + ε 2 ); −ε 1 ± ε j , j = 3, 4; −ε 2 ± ε j , j = 3, 4;
nilradical structure: h simple positive roots:
Cartan matrix for root system R generated by Π positive roots: simple positive roots:
for root system R = D 5 generated by Π. Set h * = 4h 1 + 3h 2 + 5h 3 + 6h 4 + 4h 5 + 2h 6 = 6e 6 . Then R = R 0
, where k(i) = 0 or 1 and 
for root system R = D 5 generated by Π. Set h * = 2h 1 + 3h 2 + 4h 3 + 6h 4 + 5h 5 + 4h 6 = 3(e 5 + e 6 ). = α i (h j ) i,j∈I for root system R = A 5 generated by Π. Set h * = 2h 1 + 4h 2 + 4h 3 + 6h 4 + 4h 5 + 2h 6 = 5 i=1 e i + 3e 6 . Then R = R 0 . R − = −(ε i + ε j ), 1 ≤ i < j ≤ 5; Cartan matrix for root system R generated by Π. positive roots: R + = {ε 7 ; ε i ± ε j , 1 ≤ i < j ≤ 6; for root system R = D 6 generated by Π Set h * = 2h 1 + 2h 2 + 3h 3 + 4h 4 + 3h 5 + 2h 6 + h 7 = 2e 7 . Then R = R 0 R − = − ε 7 ; 9. Cartan matrix for root system R generated by Π. positive roots: R + = ε i ± ε j , 1 ≤ i < j ≤ 7; for root system R = D 7 generated by Π. Set h * = 4h 1 + 5h 2 + 7h 3 + 10h 4 + 8h 5 + 6h 6 + 4h 7 + 2h 8 = e 8 Then R = R 0 R − =
